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Abstract 

We study the energy-critical focusing nonlinear Schrodinger equation with an cnergy- 
subcritical perturbation. We show the existence of a ground state in the four or higher 
dimensions. Moreover, we give a sufficient and necessary condition for a solution to 
scatter, in the spirit of Kenig- Merle [TS] . 

1 Introduction 

In this paper, we study the following nonlinear Schrodinger equation. 

dtp 
It 



i^- + A^ + fty) + |Vf = 0, (NLS) 



where ip = ip(x, t) is a complex-valued function on R d x R (d > 3), A is the Laplace 
operator on R d , 2* := 2 + ^2 an d /: C — >• C is a continuously differentiable function in 
the IR 2 -sense. We specify the nonlinearity / later (see the assumptions ()A0p - (jA6p below); 
Especially, we assume the Hamiltonian structure (see (|Aip below), so that there exists a 
function F 6 C 2 (C,R) such that the Hamiltonian for (jNLSp is given by 

n(u) := \ ||Vu||| 2 -\f F{u) - 1 \\u\\ 2 ^ . (1.1) 

Moreover, we assume that / satisfies the mass-supercritical and energy-subcritical condi- 
tion (see (|A5p and (|A6j) ). Hence, the equation (jNLSp is considered to be a perturbed one 
of 

i^ + A^ + \4,f- 2 tP = 0. (NLSq) 
Here, the Hamiltonian for flNLSpD is 



Ko(u) := - \\Vu\\ 2 L2 - — \\uf* 2 * . (1.2) 



It is well-known that the equation flNLSpD dose not have an oscillatory standing wave; 



In contrast, (NLSq) has the non-oscillatory solution 



rf-2 
d 



w{x):= ^TTW') ' xeRd - (L3) 

Our first aim is to show that a suitable perturbation / gives rise to an oscillatory 
standing wave for d > 4. In other words, we intend to prove that for d > 4 and uj > 0, 
there exists a solution to the elliptic equation 

- Au + uju-f(u) - \u\ 2 *~ 2 u = 0, uGff'fl^lO}. (1.4) 
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In particular, we show the existence of a ground state for d > 4 (see Theorem 11.11 and 
Remark 11.11 below) ; A ground state means a solution to f j 1 . 4 [> which minimizes the action 
Su among the solutions, where 



Suj(u) := — \\u\\ 2 L 2 + H\ 



u) 



;i.5) 



We remark that, in pQ, the same authors considered the case f(z) = fi\z\ p ~ 1 z with 
and 2* - 1 < p < 2* - 1 (2* := 2 + |), and proved that if d > 4, then for any p > 
and w > 0, there exists a ground state; on the other hand, if d > 3 and /x < 0, or d = 3 
and fi/uj^^^ 2 is sufficiently small, then the equation (|1.4p has no solution. 

In this paper, we extend the result in [1] to a wider class of perturbations including 



/(*) 



[1.6) 



where fc G N, /Ji, . . . > and 2# — 1 < pi < • • • < pk < 2* — 1. 

Our second aim is to give a necessary and sufficient condition for solutions to scatter, in 
the spirit of Kenig- Merle [T6], for d > 5 (see Theorem 11.21 below); Precisely, we introduce a 
set (see (|1.18|) below) and prove that any solution starting from A^ i+ exists globally 

in time and asymptotically behaves like a free solution in the distant future and past. 
Although we can introduce the set A U) + for d > 3, the scattering result is open in d = 3, 4, 
as well as the equation QNLSqD (see [TB]). 

Now, we state our assumption of the perturbation /. We first assume that 



/( 0) = |(0) = |(0) = 0. 



(AO) 



For the Hamiltonian structure and mass conservation law, we assume that there exists a 
real- valued function F G C 2 (C,M) such that 



dF 

dz 



0. 



so that zf(z) G E for any z G C. Besides, we assume that 

F > 0. 



(Al) 



(A2) 



This assumption (|A2p rules out the case -F(z) = — (or f(z) = — \z\ p ~ 1 z) for which 

the Pohozaev identity shows that there is no solution to (|1 .4|) . 

To ensure the existence of ground state, we further need the monotonicity and convexity 
conditions, like in [13]: Define the operator D by 



Dg(z) := z^-(z) + Az) for g G C^C). 
oz oz 

Then, we assume that there exists £o > such that 

(D — 2* — eq)F > 0, 
(D - 2){D - % - e )F > 0. 

The conditions (jA"2]) . (JMJ and ((SH) imply that 

D 2 -F > (2, + e )I>F > (2, + eo) 2 ^ > 0. 



(1.7) 

(A3) 
(A4) 

(1.8) 
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Finally, we make an assumption so that / satisfies the mass-supercritical and energy- 
subcritical growth, like in [13]: Fix a cut-off function x £ C°°(M) such that x{ u ) = 1 f° r 
\u\ < 1 and x( u ) = f° r l n l — 2, and put f<i(u) := x( u )f( u ) an d />i '■= f ~ f<i- Then, 
we assume that there exist p\ and p2 such that 2* — 1 < p\ < p2 < 2* — 1 , and 



<i 



3/ 



<i 



G>2 
df<l 



dz 



(u) 
(u) 



5/. 



<1 



<9z 

dz 



+ 



+ 



g>2 
<9/<i 



+ 



9/; 



<1 



(9 2 

9/<i 



(9.; 



(«) 
(«) 



dz 

df<i 
dz 

df<i 
dz 



and 



5/; 



>i 



5/; 



>i 



0/>i 



(92 



(«) 
(u) 



5/: 



>1 



<9z 
df>i 



d: 



+ 



+ 



(92 

df>i 



u 



+ 



>i 



dz 



(«) 
(«) 
(«) 

(«) 



< lu^ 1 - 1 if d = 3,4, 

< + jwj) Pl ~ 2 |n-u| if d > 5, pi>2, 

P 1 - 1 if d > 5, pi < 2 

(A5) 



< 



u — u 



< Id? 2 - 1 



if d = 3,4, 



<9z 
<9/>i 



(92 



(«) - ~^{v) 

(«) - («) 



< (|u| + |w|)P 2 - 2 |n-?;| if d > 5, p 2 > 2, 
P 2 " 1 if d > 5, p 2 < 2. 



< 



it — v\ 



(A6) 

As mentioned above, we prove the existence of a ground state to the equation (jl.4j) 
under the assumptions (|A0p - (|A6p . To this end, for any oj > 0, we introduce a variational 
value m u! : 

u G tf 1 ^) \{0}, K(u) = 



m w := inf < S u (u) 



(1.9) 



where 



/C(n) := ^H(T x u) 



IV7 l|2 d 



d 



A=l 



dA 

DF-2F ) (u 



A=l 



;i.io) 



I II 2* 

MIl 2 * 



and 7\ is the L 2 -scaling operator, i.e., 

(T x u)(x) := X^u(Xx). 



(1.11) 



It is well-known(see, e.g., [U [19]) that the minimizer of (|1.9p becomes a ground state to 
(jl.4p . Thus, it suffices to show the existence of the minimizer. 

In order to find the minimizer of the variational problem (|1.9|) . we need two auxiliary 
variational problems; The first one is 



m,, 



inf < Zu{u) 



l/ni 



) \ {0}, K{u) < , 



(1.12) 



where 



Tu{u) := S u (u) - -K{u) 



2 N 



d f 1 
+ - / (DF-2*F) (u) + -\\u\\%. , 



(1.13) 
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and the other one is 

a :=inf j||Vu||£a u G H x (^. d ), \\u\\ L 2* = lj . (1.14) 

An advantage of the problem (|1.12p is that the functional I u is positive thanks to (|A3D . 
and the constraint /C < is stable under the Schwarz symmetrization. Moreover, we have; 

Proposition 1.1. Assume d > 3, uj > and the conditions (|A0p - (jA6p , Then, it holds 
that 

(i) m w = rh w , 

(ii) ^4ny minimizer of the variational problem for rh^ is also a minimizer for m u . 

The reason why we need the variational problem (|1.14p is the following relation between 
m ul and a: 



Lemma 1.2. Assume d > 4, oj > and i/ie conditions (JAOJ) (JA6J) . Then, we have 

m^K-a^. (1.15) 
Here, it is worthwhile noting that the function given in (|1.3p relates to the value <r: 
CT f = Ht^VV^II J 2 = Hr^llJ, for any A > 0, (1.16) 
where T( denotes the ij 1 -scaling operator, i.e., 

(T' x u)(x) := A^u(Ax). (1.17) 

Since the proof of Lemma 11.21 is similar to the one of Lemma 2.2 in [T], we omit it. 
Using Lemma ll.2l we can find: 



Theorem 1.1. Assume d > 4, uj > and the conditions (|A0p - (|A6p . Then, there exists a 
minimizer of the variational problem for m^. 

Remark 1.1. (i) We find from Proposition li.il (i) that m u = fh^ > 0. 

(ii) It is necessary that d > 4; For, when f(u) = [i\u\ Pl ~ 1 u with a sufficiently small \i > 0, 
there is no minimizer of the variational problem for m u (see JIJ/J. 

(hi) As mentioned above, a minimizer of the variational problem for m u becomes a ground 
state to CQD (see 

In order to state our scattering result, we introduce ci set 

4*,+ := ju G H\M. d ) S u (u) < m w , K(u) > 0.1 . (1.18) 

Then, we have: 

Theorem 1.2. Assume d > 5, uj > and the conditions (jAOj) ~(jA6]) . Then, any solution tp 
to (jNLSp starting from Au.+ exists globally in time. Furthermore, the solution tp scatters 
in H 1 ^), i.e., there exist </>+,(/>_ G iJ 1 (R d ) suc/i i/iai 



lim " H1 = lim V(*) " e lt *</>- m = 0. (1.19) 
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This paper is organised as follows. In Section [51 we summarise basic properties of the 
functionals S u , K, and so on. In Section [3l we give proofs of Proposition 11.11 and Theorem 
II. 11 In Section [U we introduce Strichartz type spaces and discuss the well-posedness for 
the equation (JNLS]) . In Section [5j we give a long-time perturbation theory which plays an 
important role to prove the scattering result (Theorem |1.2p . In Section [6l we prove Theo- 
rem 11.21 by showing the existence of the so-called critical element in a reductive absurdity. 



Finally, we give several notation used in this paper: 
Notation. 



1. 

2,:= 2+1, T:=2 + -±- 2 (1.20) 

2. 

Sp :=±-^— forp>l. (1.21) 
2 p — I 

3. We denote the Holder conjugate of q G (1, oo) by q', i.e, q' = ^y. 

4. Let A and B be two positive quantities. The notation A < B means that there exists 
a constant C > such that A < CB, where C can depend on d, Eo in (jA3p . p\ in 
(|A5p . P2 in ()A6P and a given w. 



2 Preliminaries 

In this section, we give basic properties of functionals S u , K, and so on. 
We first summarize easy fact of calculation, without the proofs: 

^S u (T x u) = ^H(T x u) = jlC(T x u), (2.1) 
d f d f 

— / (DF - uF) (T x u) = (D 2 F - (2 + a)DF + 2aF) (T x u) for any a G R. 

aA 7 K d 2A J R d 

(2.2) 



We also see from ([23]) together with (|A3|) and ([A4|) that 

/ (DF-2F) (T x u) > 0, (2.3) 

[ (DF-2*F) (T x u) > 0, (2.4) 
dX J Rd 

IjJ (DF-2F) (T x u)\ >0, (2.5) 

{^l ( ^- 2i?)(TAU) }-°- (2 ' 6) 
Next, we give important properties of the functionals K. and X w : 



d (1 

dX 

d 

d\ 
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Lemma 2.1. Assume d > 3 and conditions (|A0p - (|A6p , Then, we have: 

(i) For any non-trivial function u G i/iere exists a unique X(u) > suc/i iaai 



(ii) 



' > i/ < A < A(u), 

if A = A(u), (2.7) 
< if A > A(«). 



^UT x u) > /or any A > 0, (2.8) 

so thatX u {T\u) is monotone increasing with respect to A > 0. 
(iii) 

eZ 2 1 

^S u (T x u) < -^JC(T x u) for any A > (2.9) 
and Su(T\u) is concave on [X(u),oo). 

Proof of Lemma \2.1\ We see from ()A3j) and (|A4|) that JC(T\u) > for any sufficiently small 
A > 0. We also have 

JC(T x u) < A 2 ||Vu|| 2 2 - A 2 * || ^11^2* — > —oo as A oo. (2.10) 

Hence, there exists Ao > such that K,{T\ Q u) = 0. Since (|2.6p shows -tkK{T\u) is monotone 
decreasing with respect to A, we find that (i) holds. 
Using (|2T4) . we easily obtain (|2.8p . 

A direct calculation together with (|2TTjl . flZZD and (JAU) gives ([2j|. Moreover, ([23]) 
together with f|2.Tj) shows the concavity of 5^ (T\u) . □ 

3 Variational problems 

In this section, we give the proofs of Proposition 11.11 and Theorem 11.11 
First, we prove Proposition ll.lt 



Proof of Proposition \1.1[ (i) We shall prove m u = m u . Let {u n } be a minimizing sequence 
of the variational problem for fh u , i.e., {u n } is a sequence in J H' 1 (M d )\{0} such that 

lim lu{u n ) = rhw-, (3.1) 

n— ¥oo 

JC(u n ) < for any n G N. (3.2) 

Then, it follows from (|2.7p in Lemma 12. II that for each n G N, there exists A n G (0, 1] such 
that K,(T\ n u n ) = 0. This together with (|2.8p leads us to that 

moj < S u (T Xn u n ) = X w (T An u n ) < 2" w (u n ) = m w + o n (l). (3.3) 

Hence, taking n — > oo, we have m w < m u . On the other hand, since 

m w < inf 2w(tt) = inf S u {u) = m u , (3.4) 

uS-f/ 1 \{0} ue-H 1 \{0} 
K(u)=0 K(u)=0 

we have rh < m. Hence, it holds that m w = m u . 



C 



(ii) We shall show that any minimizer of the variational problem for fh w is also a one for m w . 
Let Quj be a minimizer for fh u , i.e., G H 1 (R d ) \{0} with /C(Qa,) < and Tui(Qu) = "iw 
Since T w = S w — \K and m u = m U) it is sufficient to show that K,(Q W ) = 0. Suppose the 
contrary that 1C{Q W ) < 0. Then, it follows from (|2.7p that there exists < Ao < 1 such 
that IC(T\ Q W ) = 0. Moreover, we see from the definition of fh^ and (|2.8p that 

m w < 1(T\ Q W ) < lu(Qui) = (3.5) 

which is a contradiction. Hence, fC(Q w ) = 0. □ 

Next, we give the prove of Theorem 11.11 

Proof of Theorem \l.l{ In view of Proposition [LT] (ii), it is sufficient to show the existence 
of a minimizer of the variational problem for fh u . Let {it n } be a minimizing sequence for 
rhu- We denote the Schwarz symmetrization of u n by it* . Then, we have 

/C«) < for any n G N, (3.6) 
lim (it*) = mo,. (3.7) 

n— >oo 

Besides, extracting some subsequence, we may assume that 

< 1 + in u for any n G N, (3-8) 
which together with (|1.8p gives us the boundedness of {<} in L 2 (M d ) and L 2 * (R d ): 

sup|K|| £ 2 < 1, sup|K|| L2 . < 1. (3.9) 

Moreover, using the Sobolev embedding, <|3.6j) . the boundedness in L 2 and the growth 
conditions ()A5j) and (|A6p . we obtain that 

IKIli* < liv<|li 2 < IK||gS a + IKIlg. < R|| L2 * 2 + KIlJ. . ( 3 - 10 ) 

This together with (|3.9p shows that 

sup||<|| H i < 1. (3.11) 

ngN 

Now, since {itjj} is radially symmetric and bounded in /^(R^), there exists a radially 
symmetric function Q G -ff 1 (M d ) such that 

lim u* n = Q weakly in H 1 ^), (3.12) 

n— >oo 

lim u* n = Q strongly in L g (R d ) for 2 < g < 2*, (3.13) 

n— >oo 

lim ui(x) = Q(x) for almost all x G M d , (3-14) 

n— >oo 

2««) - M< -Q)~ MQ) = o n (l), (3.15) 
£«) - /C« - Q) - /C(Q) = o n (l). (3.16) 
This function Q is a candidate for the minimizer. 
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We shall first show that Q is non-trivial. Suppose the contrary that Q is trivial. Then, 
it follows from (|3.6p and (|3.13p that 

> limsup /C(tt*) = 21imsup I ||V«* \\ 2 L 2 — ||it*||x,2* \ , (3-17) 



so that 



limsup ||Vu* ||^2 < liminf ||u* \\ L2 * ■ (3.18) 



Moreover, this together with the definition of a (see (j!.14|) ) gives us that 

2 2 2{d ~ 2) 

limsup ||Vw*|| L 2 > c liminf ||n*|| L 2* > o" limsup ||V«*|| L 2 d , (3.19) 



so that 



o"2 < limsup || Vu* ||^ 2 < liminf || n* ||^2* ■ (3.20) 



Hence, if Q is trivial, then we see from Proposition 11.11 (|A3p and (|3.20p that 

rriu = m-o, = lim X^{u*) > liminf - \\u*\\ 2 T2 * > -.0% ■ (3.21) 

n— >oo n— >oo fl u 

However, Lemma 11.21 shows that this is a contradiction. Thus, Q is non-trivial. 

Next, we shall show that IC(Q) < 0. Suppose the contrary that KL{Q) > 0. Then, it 
follows from (|3.6p and (|3.16p that /C(u* — Q) < for any sufficiently large n € N, so that 
([2.7p in Lemma [2TT1 shows that there exists a unique A n £ (0, 1) such that lC(T\ n (u^ — Q)) = 
0. Then, we see from (|2.8|) in Lemma |2. II and (|3.15|) that 

m w < Z w (T An « - Q)) 

< 1U< -Q)= 1UO - Z UQ) + On(l) (3.22) 

= m w - Xuj{Q) + o n (l). 

Hence, we conclude that T U {Q) = 0. However, this contradicts that Q is non-trivial. Thus, 
K(Q) < 0. 

Since Q is non-trivial and /C(Q) < 0, we see from the definition of fh^ that 

?n^<lUQ)- (3-23) 
Moreover, it follows from (|3.15p and (j3.7|) that 

X W (Q) < liminf X w «) < m^. (3.24) 

Combining (|3.23|) and ()3.24p . we obtain that I U (Q) = m u- I n particular, we have m u = 
rhu > 0. Thus, we have completed the proof. □ 



4 Well-posedness 

In this section, we discuss the local well-posedness result in the energy critical case (see 
PHED]). 

Let us begin with the notion of admissible pairs: A pair of space-time indices (q, r) € 
[2, oo] x [2, oo] is said to be L 2 -admissible, if f = f — |j- I n particular, (2,oo), 
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(^,^), C-^, 2 -W)> ( a^^g . and ( 2 *' 2 ) are Admissible 

pairs. For any L 2 -admissible pair (q,r), we have 



\e itA u\ 



,L") ~ 



L 2 ) 



and for any L 2 -admissible pairs (<zi,ri) and (^2) r 2) 5 



i(t-t')A 



v(0 d*' 



to 



L r i (R,L«i) 



~ II U IIl"2( R ,^) for any t GK. 



(4.1) 



(4.2) 



These estimates are called the Strichartz estimates. 

Generally, a pair (q, r) € [2, oo] x [2, oo] is called iJP-admissible, if ^ = | ( | — \ ~ f 



■ (rf+2)(p-l) (rf+2)(p-l) - 
' 2 



is the diagonal i? Sp -admissible 



(cf. [HI [IT]). In particular, the pair (- j- 

pair. 

In order to mention the local well-posedness result, we need to introduce several space- 
time function spaces. Let I be an interval. Then, we introduce Strichartz-type function 
spaces: 



S(I) ■ = L°°(I, L ) Pi L (I, L ), 

(d+2)(p-l) 2(d+2)(p-l) 

V p (I) :=L 2 (/ ; Ld(d+2)(p-i)-8) ) 

TJ , , n (rf+2)( P -D (d+2)(p-l) 



2(d+2) 



2d(d+2) 



V(J) := V 1+ _a_{I) = L d -2 (I,L~<F+*), 



2(d+2) 2(d+2) 

W(I) := W 1+ _t_(I) = L^r(I,L^r). 



(4.3) 
(4.4) 
(4.5) 
(4.6) 
(4.7) 




Figure 1: Strichartz type spaces 
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It is worthwhile noting that for any l + |<p<(7<l + -r^j, we have 

|||V| S (d +2)(p-i) 2d(d+2)( P -i) < |||V| s u|| v (J) Hull^m for s = 0,1 (4.8) 
and 

< l|[V|'««||v,(i) < IIIV|^||^f i2) ll|V| s ^||g 7) . (4.9) 
Here, the Holder conjugate of ( d$+fy^-i)^8 ' ^ +2 2p ? " 1 ' > ) ^ s ^ 2 -admissible. 

Theorem 4.1 (Well-posedness in H 1 ). Assume d > 3 and (|A0j) — (|A6[> . Then, we have: 

(i) Let ipQ € i/ 1 (IR d ), I 6e an interval, to £ I and A > 0. Assume that 

\\4>o\\m < A. (4.10) 
Then, there exists 5 > depending on A with the following property; If 

<V)e i(i - io)A V>o < 5, (4.11) 

then there exists a solution tj) G C(I,H 1 (W i )) to HNLS\) such that 

Mh) = ipo, (4.12) 
IKV)^|| 5(J) < H^oll^, (4.13) 

||(V)^|| y (/) <2 (V) e '^) A Vo v . (4.14) 

(ii) Let I be an interval. Suppose that ipi,tp2 G C(/, -f^QR^)) are too solutions of IINLS}) 
with ^i(to) = V^^o) / or some to S I ■ Then, ip\ = ip2- 

Furthermore, let ip £ C(J max , ff 1 (R rf )) be a solution to fNLS)) . where I mSLX is the maxi- 
mal time interval on which the solution ip exists (Note here that by (i), I max must be open). 
Then, we have: 

(hi) The following conservation laws hold; For any t, to € imax; 

M{m)-=\\m\\l*=Mmo)), (4.15) 
mm) = nwto)), (4-i6) 

S u (i/>(t)) = SMto)) for any ueR, (4.17) 



p(^(t)):=9f/ \/^(x,t)^(x,t)dx = V(ip(t )). (4.18) 
(iv) //T max := sup/ max < +00, then 



iH/ pi ([T,T max ))niy([T,r max )) = 00 V an V T e W- (4.19) 
^4 similar result holds, when T m j n := inf/ max > — 00. 
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(v) // 



then T„ 



+00, T u 



W Pl (/ m ax)fW(/ max ) < °°> 



-00, and there exist </>4-,0_ € H (K ) suc/i i/iai 



lim ||V(i) -e^^+ILi = lim - e rtZ > 



t— >— 00 



0. 



(4.20) 



(4.21) 



Proof of Theorem \4-l\ We first prove (i). Let 5 > be a sufficiently small constant speci- 
fied later; In particular, we take 5 < 1 . Suppose that 



(V)e 



i(t-t )A 



V P1 (I) 



< 6. 



(4.22) 



We see from the Strichartz estimate that there exists C s t > depending only on d such 
that 

< C st \\u\\ L 2 ■ 



\e itA u\ 



We define the space Y(I) and the map T by 



Y(I) := {ue C(I,H\R d )) 



||<V>«| 



< 2||(V)e 



i(t-t )A 



v n (J) 



||(V)u|| s(7) <2C st ||^ | 



H 1 



(4.23) 

(4.24) 
(4.25) 

We can verify that Y(I) becomes a metric space with the metric p(u,v) := \\u — v\\ s ^y 

We shall show that T maps Y(I) into itself for sufficiently small 5. The Strichartz 
estimate, together with $M§, $EB, ([4^8]) . (pL"9j) and (j4T22j) . gives us that 



T(u) 



3 i(t-to)A 



Y>0 - i 



to 



{ /(«) + 



1 2* —2 



||<V>T(u)|| Vm(j) < ^V)^^)^ 
+ c(l + ||u 
(V)e i (*-*°) A V'o 



< 



P2 - Pl 4- IU,l| 2 *~( Pl + 1 ) 



iY)ii<v><: i(/) 



(4.26) 



+ C{1 + A P2 ~ P1 + A 2 *-( pi+1 ))5 P1 - 1 (V)e i( *- io)A V'o 



v Pl (/) 



where C is some universal constant. Hence, taking 5 sufficiently small depending on A, we 
obtain 



(V)e 



i(t-t )A 



V'O 



IKV)7>)|| Vpi(J) <2 
Similarly, taking 5 sufficiently small depending on A, we have 

||(V)TH|| 5(/) <2^||V>o|Ihi- 



v P1 (i) 



(4.27) 



(4.28) 



Next, we shall show that T is contraction in (Y(I), p) for sufficiently small 5 > 0. Take 
any u, v £ ^(-0- Then, we have in a way similar to the estimate (|4.26p that 



p(T(u),T(v)) = \\T(u)-T(v)\\ s(I) 
< (1 + A P2 " Pl + j 4 2 *-(pi+ 1 )),5Pi- 1 || u - u| 



(4.29) 



v P1 (/) 
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which shows that if 5 is sufficiently small depending on A, then T is contraction. 
Thus, the claim (i) follows from the contraction mapping principle in (Y(I),p). 
We omit the proof of (ii) and (iii) . 

We prove (iv) by contradiction. Assume T max < +00, and suppose the contrary that 

1 Tmax)) 



< 00 for some To € I max . (4.30) 
In particular, we have 

lim IIV'l| Wpi ([T,T max ))nH/ P2 ([T,T max ))nVl/([T,T max )) = °- ( 4 - 31 ) 



T-,T\ 



max 



In view of (i) in this theorem, it suffices to show that lim ijj(t) exists strongly in 

t-»T m ; ix 

H 1 (U d ). We further reduce this to proving that for any sequence {t n } in [To,T max ) with 

lim t n = T max , {e~ ltnA i/j(t n )} is Cauchy sequence in H 1 (K. d ). Let us prove this. Put 

n— too 

P3 := 1 + ^2 as wen as the above. The Strichartz estimate together with (j4.8[) yields that 



• A V>(tn)-e-^ A V^ m )|| H1 



< sup 



t 

e -it'A r * /*„/.'* L/.|2*-2„ 



{/(V) + H 2 -VXOrf*' 



hi (4.32) 



3 



^ IK V )^llv Pl ([t m ,T ma x)) X! 



^Pl t [^n j Tmax)) 

Z^imi WV([t m ,T max )) 



Pi - 1 



We see from (|PB and (14321) that {e _it " A ^(t n )} is Cauchy sequence m H 1 ^), provided 
that 

IK V )^lly P1 ([T,T max )) < 00 for some T e Po,T max ). (4.33) 
We shall prove (|4.33|) . By (|4.3ip . we can take T\ € [To, T max ) such that 

3 



Then, an estimate similar to (|4.32p gives us that 



El^C;.([T 1 ,T max ))«l- (4.34) 



11 w\\v P1 m,T^))<c \\m)\\* + l 11 mn Vn m,T^» ( 4 - 35 ) 

for some universal constant C > 0, from which we immediately obtain the desired result 

Next, we prove (v). We see from the contraposition of (iv) that T max = +00 and 
T m i n = —00. Moreover, an argument similar to the proof of (iv) shows that there exists 
<t>+, (f>- G H 1 ^) such that (jOTj) holds. □ 

Proposition 4.1 (see [8]). Assume d > 3. Let (p e H 1 (M d ), let t eRU {±00} and /ei 
^4 > 0. Assume that 

\\Vc/>\\ L2 < A (4.36) 
Then, there exists 5 > depending on A with the following property; If 

l|V0|U M) < 5, (4.37) 
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then there exists a global solution tp 6 C(R, H l (M. d )) to ( NLSp ) such that 

ipfo) = (/> if to £ E, 



lim - e nm = */ *o e { ±0 °}i 



IW|| 



< 



|V0|| 



(4.38) 
(4.39) 



We can control the Strichartz spaces by a few spaces. Indeed, we have: 



Lemma 4.2. Assume d>3. Let I be an interval, A, B > 0, and let u be a function such 
that 

< B. 



Mlz^iyj" 1 ) — A 



u\ 



w P1 (i)nw(i) 



Let e > and suppose that 







(V) { i— u + Au + f(u) + \u 



2*-2 



It 



2(d+2) 2(d+2) 

L ^+4 (J,L ^+4 ) 



< e. 



Then, we have 



\\(V)u\\ s{I) <C(A,B)+e, 
where C(A,B) is some constant depending on A and B. 

Proof of Lemma \4-4%\ We rewrite the function u by 



(4.40) 

(4.41) 
(4.42) 



u(t) = e^-^uito) + i 



t 



2i^ + Au ) 



(4.43) 



where the equality is taken in the weak sense. Then, the Strichartz estimate together with 
3D and (|4.4ip gives us that 



(V)«|| s(/ )<||«(<o)||hi+Z)IKV>» 



lift: - 1 



+ IKVWI 



4 
d-2 



\y(/) II "ll^(j) 



+ e 



fe=i 



(4.44) 



< A + II (VHI^) fl**" 1 + ||(V)u|| v(i) B— + e. 



Here, we see from the Holder inequality that 
l- 



v p (i) ^ \\ u \\L°°(i,m) 



\\(V)u\\ 



lL2(/,L2*) 

4 



(4.45) 



< A i- (d+ 2) (p -i) ||(V)n||^ ( + 2)(p - 1) 



for any l + |<p<l + ^ • 
Combining (|4.44p with (|4.45p . we easily verify that the desired result (|4.42|) holds. □ 
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5 Perturbation Theory 

The derivative of our nonlinearity is no longer Lipschitz continuous when d > 5; It is merely 
Holder continuous of order p — 1 > -j. Thus, to establish the long-time perturbation theory 
(see Propositions I5.6[) , we need some idea. We will employ the exotic Strichartz estimate 
(see p] and [20]). 

Assume that d > 5. We define a by s a = 1 — |s pi , i.e., 



a := 1 + 



4d( Pl - 1) 



e 1 + 



4d 



d 2 - 2cZ + 8 : 



d(d + 2)(pi - 1) - 16 
Let (/o, 7) and (p*,7*) be the pairs such that 

a + 1 + 2* 1 d (\ 1 



1 + 



d-2 



P ■-- 



P ■= P 1 



1 



7 2 V2 p d 



d (\ 1 



_ = 1-- + ^ 

r* 1\1 p d 



(5.1) 

(5.2) 
(5.3) 



Note here that a and p are monotone decreasing with respect to p\. 
Our exotic Strichartz norms are as follow^ 



W u \\es(i) :z 
\ u \\es*(i) := 



V\d S Pl U 



VI d S Pl U 



L-r(I,LP) 
Li*{I,LP*) 



Since (p,j) are H l & Sp i -admissible (iiP a -admissible) with (d+2 ^ Pl V 
we see that 



\ u \\es(i) ~ H'"lli°° (jf//i) IK^HIv^j) 



</-< 



< 



where 



Li(I,L d +dp ~ il " 1 Pi ) 
d 2 p „a ;o r2 



B5(i) 



(5.4) 
(5.5) 

< 7 < 00 (d > 5), 

for some < 9es < 1> (5-6) 

(5.7) 



-dp—ipSf 



-,7) is L -admissible. 



Lemma 5.1 (Exotic Strichartz estimate). Let I be an interval, to £ ^; anc ^ u be a 
function on W d x /. Then, we have 



u 



ES(I) 



< 



3 i(t-t )A 



u(t 



£S(J) 



du 

i— + Au 
at 



ES*(I) 



(5.8) 



for some constant C > depending only on d. 
Proof of Lemma \5.1[ We can write any function u by 



u(t) 



J(t-t )A 



u(t 



j(t-t')A 



to 



l Jt +AU 



(5.9) 



where the equality is taken in the weak sense. Then, the claim follows from the inhomo- 
geneous Strichartz estimate by Foschi [TTJ. □ 



^hen d < 4, we take ||w|| Bsm = ||Vu|| W7) and ||u|| ES . (I) = ||Vu|| 2(d+2) 2(d+2) . 

v ' w v ' L 3+3 d+4 ) 
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In order to treat the fractional differential operator | V | <t Spi in the exotic Strichartz 
norms, we employ the following estimates: 



Lemma 5.2 (see [9]). Let s £ (0,1] and let 1 < q,qi,q2,Q3,Q4 < oo with | = ^ + ^ 
— + — . Then, we have 



II|v| s (HIIl, ;$ h\\w IIIVMU + ll|v| s u|| i83 |M 



1,94 



(5.10) 



Lemma 5.3 (see [21]). Let h: C — > C 6e o Holder continuous function of order a S (0, 1). 
Then, for any s € (0, a), g € (1, 00) and a G (-|, 1), we nave 



nivr%)ii L9 < n«ii^i #)n iiivmi^ 2 



(5.11) 



provided that | = — + ^ and (a — ^)gi > a. 



Lemma 5.4. Assume that d > 5. Xei /ii and /i* 6e Holder continuous functions of order 
pi — 1 and respectively. Let I be an interval. Then, we have 



\\hi(v)w\\ ES * {I) < IIIVI^uII^^j^^j IMIes(j) 

4 

\\h*(v)w\\ ES . (I) < HV^||^ 2 (/iL90)nLFo(/iLfo) lkl| £S(/) , 



(5.12) 
(5.13) 



where (qo,r ) and (qo,r ) are some L? -admissible pairs with Mfcll < ro,r 



< 00. 



Proof of Lemma \5.4\ Using Lemma 15.21 we obtain that 

IM«MUs*(i) 



< 



\\hi(v)\\ 



2p 



+ 



|V|s s w hi(v) 



w 



\\es(i) 



d 2 (Pl-l)p 



\w\ 



d 2 p 



L 2d-(d-2)p ( /ii d(d+2)(p 1 -l)p-8p-2^(p 1 -l) ) Z,7(/,i d2 - 4s J'lP) 



(5.14) 



d z p 



Since VFd Sp i' p ^ L d2_4s Pi p , we further obtain that 
||M«MliSS*(i) £ ll^i n^-Dp (pi -i) P IIHIi5S(I) 

L 2d-{d-2)p( I)L — p=rr- ) 



+ 



|V|a*'i /»i(t;) 



2p 



d 2 (Pl -1)P 



n; 



£2d-(d-2)p (J£ d(d+2) -1 j/>-8p-2<j3 (P! -1) ) 



(5.15) 



Here, (^^, ^-\d-l) P ) is an -admissible pair in (^1), (d+2) ^ 1 ~ 1) ) x ( (d+2) ( pi " 1} , 00). 
Moreover, it follows from Lemma 15.31 and the Holder inequality in time that 



|V|3**i/n(t;) 



2p <* 2 (P1-1)P 
L 2d-{d-2)p ( /ji d(d+2)(p 1 -l)p-8p-2d^(p 1 -l) ) 



(5.16) 



< ll7)H P 1 d 111X71^17)11 d 

~ FII L (^i-!)n {/)i («-i4)«) 111 1 "z> 2 (/,z>) ' 
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where 



d{d + 2){ Pl 



1) 



2d( Pl - 1) - 8 
d(d + 2)( Pl -l) 



Q2 ■ 



d 2 (d + 2)( Pl -l)p 



2d( Pl 



1) 



8 



r 2 := 



' d(pi - 1) {{d 2 + 2d + 4)p - 2{d? + 2d)} - 16/o ' 
2d{d + 2){ Pl - l)p 



16p - d 2 {pi - 1) {dp - 2(d + 2)} ' 



(5.17) 



(5.18) 



Here, ((pi-l-|)gi, (pi-l-^n) = ( (d+2) ^ 1 " 1) , (d+2) ^ 1 ~ 1) ) is a diagonal H s w -admissible 
pair, and (|q2, 3^2) is an L 2 -admissible pair in (2, ( d + 2 )0 J i~ 1 ) ) x ( ( rf+2 )fa >1 ~ 1 ) ; 

Combining the estimates ()5.15|) and (|5.16p . we obtain the desired estimate (j5. 12|) . 
Next, we consider the estimate (|5.13p . Since (^2 3^2 ^2) ^ s £i -admissible, we 



see from the same estimate as the above that 



\h*(v)w\ 



ES*(I) 



5~, II Vf|| rrofT roi\ W W \\eS(I) 



+ 



lL r 3 (7,Z/?3) 

V|3 s w hjv] 



(5.19) 



_2p_ 



rf 2 (P1-l)p 



\w\ 



ES(I) 



l J 2d-{d-2)p (j^ L d(d+2)(p 1 -l)p-8p-2d' t (p 1 -l) ) 

for some L 2 -admissible pair ((73,^) 7^ (2, 00), (2*, 2). Moreover, it follows from Lemma 
and the Holder inequality in time that 

\V\^K(v) 



2p 



d 2 (Pi-l)p 



L 2d-(d-2)p (J£ d(d+2){ Pl -l)p-Sp-2d 2 (pi-1) ) 



< 



4 4 
d-2 d 

4 _iv,., 



(5.20) 



|V| Spi ?;|| d 4 



L3 r 2 (I,L^ q 2) 



where 



1 •- 



d(d + 2) 
4 

d(d + 2) 



9 2 : = 



d 2 (d + 2)( Pl -l)p 



d?{d + 4)(pi - l)p - 8(d + 2)p - 2d 2 (cZ + 2)(pi - 1) 
2d{d + 2)p 



2d 2 {d + 2) - d{d - 2){d + 2)p 



(5.21) 



(5.22) 



Since ((3^2 ~~ (3^2 ~~ l) r i) = ( 2 £~2^ > ^d-^ ) ^ s a diagonal inadmissible pair and 

(1^2) l r 2) i s an -ff 1_Spi -admissible pair in (2, 2*) x (2, 00), the Sobolev embedding gives us 
the desired estimate (|5. 13[) . □ 

Let (qo, ro) and (?o, %) be L 2 -admissible pairs found in Lemma l5.4i In our proof of the 
perturbation theories below, we will need the auxiliary space 

X(I) := L ro (/, L qo ) n L f °(I, L*°). (5.23) 

Proposition 5.5 (Short-time perturbation theory, |20j). Assume d > 5. Let I be an 

interval, if; € C(I, i^ 1 (M d )) be a solution to SNLS\) . and let u be a function in C (I , H 1 (R d )) . 
Put 

du 



e := 1 



Ot 



+ Au + f(u) + \u 



2*-2 



U. 



Let A\,Ai > and to € I, and assume that 

IMIi°°(J,ifi) ^ A h 

U(t )-u(to)\\ H i <A 2 . 



(5.24) 

(5.25) 
(5.26) 



16 



Then, there exists 5q > depending on A\ and A2 with the following property: If 



||<VH 



v P1 (i)nv(i)nx(i) 



<S , 



and 



||(V)e|| 2(d+2) 2(d+2) < 5, 

L d+4 (/ 5 L d+4 ) 

<V ) e i(*-to)A ( ^ o) _ V , (to)) 

/or some < 5 < 5o, then we have 

|| (V) (u - ^)\\ Vpi{I)nV{I)n x(i) Z S + S 



v P1 (i) 



< 5 



Id r*j ' J 

L 2 (7,Ld+2) 



||(V) ( u _V>)|| s(/) <^ 2 + 5 + ^, 



ll(V)Vlls ( /) 



Proof of Proposition 15,51 Put 

Then, w satisfies that 
. 



w := ip — u. 



% ~di W + Aw = ~( f( w + n ) ~ f( u ) ) 



We can divide 



— ( |u> + u| (w + u) — \u\ u) —e. 

(/(«) + \u\ 2 *~ 2 uj = gi(u) + g*(u), 
(f{u) + |u| 2 *~V) = /ii(u) + h*(u), 



0_ 

Oz 

0_ 

Oz 



5.27) 

5.28) 
5.29) 

5.30) 
5.31) 

5.32) 
5.33) 

5.34) 
5.35) 



5.36) 



5.37) 



where g\ and h\ are Holder continuous functions of order p\ — 1, and g* and /i* are ones 
of order 2* - 2 = 



The exotic Strichartz estimate (Lemma I5.ip together with (|5.6p , f|5.28j) , (|5.29p and 
Lemma 15.41 shows 



w 



ES(I) 



< A 1 ~ 6es 5 Bes + 



J (gi + hi\(u + 6w)d6w 



+ 



g* + /i* ) (u + 6*-u;) d6> u> 



+ ||(V)e|| 2(d+2) 2(d+2) 



< A l-o E s 6 e E s + fmvi^^ll^-J + |||V|^VCm 



IX(J) 



w 



^r(i,L^n-) (5.38) 



JSS(J) 



+ (l|Vug (/) 2 + ||V^||| (/ )) |hl| W ) + 
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We shall derive an estimate for ||(V)V ; ||x(7")- Using the triangle inequality and (|5.29|) . we 
have 



, v y(t-to)A^ o ) 



< 



v vl {i) 



yy(t-t )A u ^ 



v P1 (i) 



+ 5. 



(5.39) 



Here, the Strichartz estimate together with (|4.8|) . (|5.27p and ()5.28p gives us that 
(V)e i( '-' o)A u(t ) 



v P1 (i) 



(V) iu - i 



J t 1 



u) + \u\ 2 2 u + e 



} {t')dt' 



(5.40) 



v P1 (/) 



< So + + 8 P 2 + 51*- 1 ) +5<5 , provided that 5 < 1. 
Combining (|5.39p and ()5.40p . we have 



V P1 {I) 



<5n. 



(5.41) 



Hence, taking 5q sufficiently small depending on A\, we find from Theorem 14. II that 



(V 



v n (i) 



< 



S , 



(5.42) 



which together with the Sobolev embedding, the Holder inequality and ([5.25P also yields 



w n {i) 



<S , 



W(I) 



< II (V 



V(I) 



< A\- dv 5l v for some < 9 V < 1, 
K for some < Ox < 1- 



(V 



X{I) 



< A 1 - 



(5.43) 
(5.44) 
(5.45) 



w 



Returning to ()5.38p . we see from (|5,27p and ()5.45p that 
\H\es(i) <Al~ e - s S^ + S 

+ { ag 1 " 1 + (A^Sor- 1 + 5 2 *- 2 + (A 1 ~ dx 5q x ) t ~ 2 } 
so that 

\\ w \\eS(I) ~ A 2 > 

provided that (5o is sufficiently small depending on A\ and 

Now, we shall show (|5.30p . Note that we have by (|A5p and (|A6p that 



\f( w +u)~ f{u)\ < (ivr- 1 + wr- 1 + 



P2-1 



IP2-1 



if 



and 



|V(/(u> + u) - f{u))\ < \Vf(w + u)- Vf(u)\ 



<(U r -l + UA| P2 -l) |VH + 



w 



Pl-l 



+ I^P 2 " 1 ) IVul. 



(5.46) 



(5.47) 



(5.48) 



(5.49) 
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It follows from (|5.29|) and the inhomogeneous Strichartz estimate together with (|5.48|) . 
(JEM}, dSIZJ) and flEUD that 



(VW/I 



v P1 (i)nv(i)nx(i) 



+ u 



\P1— 1 
w P1 (i) 

Pl-l 



+ 



P2-1 

W P2 (I) 



+ 



+ W u Ww P2 \i) + H 



\w(i)) 



2*-2 
W(7) 



(VW/I 



v P1 (i)nv(i)nx(i) 



v P1 (i)nv(i)nx(i) 



(5.50) 



IHIkS(J) + IHIj5S(J) + IMlls(J)) 



iVul 



S(J) ■ 



Here, the Strichartz estimate together with ([5725]) . (f5726]) . (@78]) and ([5728]) yields that 



(V)«| 



S(I) 



< A l + A 2 + [\\u 



ipi-i 
\w P1 (i) 



\P2— 1 



2*-2^ 
IW(J) 



)ll(VH 



+ 5. (5.51) 



Hence, we see from (|5.51|) together with (|5.27p . and then taking Jo sufficiently small de- 
pending on A\ and A 2 , we have 



l(VH 



S(I) 



<A l + A 2 . 



(5.52) 



Taking 5$ sufficiently small depending on A\ and A 2 , we find from (|5.5U|) together with 
(IOTP . (15^31) . ([S37D and (157521 that 



l<V>H 



v P1 (/)ny(i)nx(j) 



(5.53) 



which gives (|5.30p . 

Next, we shall show (|573"T]) . Using (foTilgj) . (foTiTlj) and the Holder inequality, we 

verify that 



:4 +A 



2d 



< 



iPi-1 



+ 



+ u 



w P1 {i) 
pi— i 



IP2-1 

lw Pa (/) 



+ 



Ih/(/)J 



\W P1 (I) 



+ || 7 ,||P2- 1 + || ?/ || 2 *- 2N | 
11 U \\W(I) j 



W P2 (I) 

IP2-1 



VW/I 



(5.54) 



i2*-2 



IKV>u|| v(J) . 

Moreover, it follows from ([5754]) together with (j572Tl) . (j57l3"T) and (^33"|) that 



ll w C P1 (7) + II^H^V) + W w \\w(i) 



;4 +A 



L 2 (I,L~X+?) 



(5.55) 



provided that 5o is sufficiently small depending on A\ and A 2 . Hence, we have proved 
(jOT]h 

Finally, we prove ()5.32p and (|5.33p . Combining the Strichartz estimate together with 
(pT2"6|) . ([5728]) and ([5755]) . we obtain 



ll(V>^|| s(/) <A 2 + 5 + 5^, 
so that ([57321) holds. Moreover, (15733"]) follows from fl532"j) and ([57551) . 



(5.56) 
□ 
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Proposition 5.6 (Long-time perturbation theory). Assume d > 3 and 2* — 1 < p < 2* — 1. 

Let I be an interval, ip 6 C(I,H 1 (R d )) be a solution to HNLS\) . and let u be a function in 
C(I, iJ 1 (R d )). Let Ai,A 2 ,B > and t\ € I, and assume that 



L°°(/,H 1 ) - ^1' 



||^(ti)-«(*i)||Hi <^2, 
ll u llw P1 (j)nw(J) - 
Then, there exists 5 > depending on A\, A 2 and B such that if 



d 

V ) ( i-^u + Au + f(u) + \u 



2*-2 



U 



2(d+2) 2(d+2) 
L (7,i ) 



i/ien we have 



{V)e i(t- tl )A ( U ( tl )_^( tl )) 



ll(V)V|i 



V P1 (J) 



< (5 /or some ii G /, 



S(/) 



< oo. 



(5.57) 
(5.58) 
(5.59) 

(5.60) 
(5.61) 

(5.62) 



Remark 5.1. In the long-time perturbation theory above, we assume the uniform bound- 
edness of ip in iif 1 (M rf ), instead of the one of u (cf. 11!% \18 \1 ); For, it is easier to obtain the 
bound for ip than the approximate solution u. 

Proof of Proposition 15.61 We consider the case inf I = t\ only. The other cases can be 
proven in the same way as this case. 

Our first step is to derive a bound of ||(V)n|| 5 ^. Let n > be a universal constant 
specified later, and assume 5 < r\. We see from (|5.59|) that: there exist 

(i) a number N' depending on B (and 77), and 

(ii) disjoint intervals /{,..., I' N , of the form I'- = [/;'•, £'- +1 ) (t' t = t\ and t' N+1 := max/), 
such that 



N' 



\w P1 (i')nw(i' 



< rj for any j = 1, . . . , N' . 



(5.63) 
(5.64) 



Then, it follows from ([530]) and ([EMD that 

IKV)«|| ff(J / < Ci 11^)11^+^ 



i2*-2 
W(I<) 



||<V)u| 



<Ci||u(^)|| H i+C 2 (5 



(5.65) 



,P2-1 



+ rj 



2*-2 



\\{V)u\ 



s(i') 



for any 1 < j < N' , 



where C\, C 2 , C3 and C3 are some universal constants. We choose 77 so small that 



CM 



+ r jP2 I +rj 



2*-2 



1 

< -. 

~ 2 



(5.66) 
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Here, (^37|) and ([535)1 shows that 

N*i)Li < H\\ L ~>(i,m) + Mti) ~ *P(ti)\\m <Ai+A 2 , (5.67) 
so that, taking 5 so small that C 2 5 < A\ + A 2 , we see from (|5.65p together with (|5.66p that 

\\{V)u\\ s{I , ) <2(C 1 + l)(A 1 +A 2 ). 



In particular, we have 

\\u(t' 2 )\\ H1 <2(C 1 + 1)(A 1 +A 2 ). 
Hence, using (|5.65f) again, we obtain 

->2, 



(V)«| 



< + l)(Ai + A 2 ) + 2{A 1 + A 2 ) <A 1+ A 2 . 



Iterating this, we consequently have 

\\{V)u\\ S w<C(A u A 2 ,B) 



(5.68) 
(5.69) 

(5.70) 
(5.71) 



for some constant C(A\, A 2 , B) > depending on A±, A 2 and B. In particular, we have 



sup \\i/;(t) - u(t)\\ Hl <A X + C(A U A 2 , B) =: A' 2 . 



(5.72) 



Now, let 5o be the constant found in Theorem 15.51 which is determined by Ai and A' 2 
given in (|5.57|) and (|5.7ip . and suppose that 5 < min{5o, rj). Then, we see from (|5.7ip that 
there exist 

(i) a number N depending A\, A 2 and B, and 

(ii) disjoint intervals , Jjv of the form Ij = [tj,tj+i) (tw+i '■= max/), 
such that 



N 

I=[jl 3 , 

3=1 



ll(V)n| 



Vn^nv^nxilj) 



nx(/,) < for any j = 1,. . . ,N. 



Proposition 15.51 together with (|5.60p and (|5.6ip shows 

II (V) (« - tf)lly tt( jonv(JxWO <Co{s + , 



< i Ft +A 



2d 

L 2 {h,Ld+2) 



< Q 



\\(V)(u-^\\ s{Ii) <C {a' 2 + 5 + 5^}, 
\\(V)iP\\ sih) <C {A 1 + A 2 }, 
where Co is some universal constant. Here, we have the formula 



(5.73) 
(5.74) 

(5.75) 
(5.76) 

(5.77) 
(5.78) 



J(t-t j+1 )A 



+ i I e 



i(t-t')A 



(5.79) 
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Using the Strichartz estimate, the formula (|5.79|) . (|5.61|) and (|5.76|) . we obtain that 
{V)e i{t-t 2 )A {u{h) _ ^ (ts)) 



V P1 (l) 



< 



< 



5 + C {5 + 5Ti e ^y 



+ 

v P1 (i) 



2d 

L 2 (h,L<i+2) 



We choose 5 so small that 

S 1 := 6 + Co {6 + 8$ $BS } < 5 
Then, it follows from Proposition 15.51 that 



(V) (« 



v P1 (i2)nv(h)nx(i2) 



< C iSi + 8( 



2d <Co\S 1 + S{ 

L 2 (I 2 ,Ld+2) 



Pes 



II (V) (u-^\\ sih) <Co^A' 2 + 8 1 + 5l 

\\(V)^\\ sil2) <Co{A 1 + A' 2 }. 
Moreover, we see from the formula (|5.79|) together with (|5.80p and (|5.76|) that 



(5.80) 
(5.81) 

(5.82) 
(5.83) 

(5.84) 
(5.85) 



v n {i) 



< 



<S 1 + C \s 1 + S{ 



+ 

v P1 (i) 



2d 

L2(7 2 ,Ld+2) 



Hence, taking further small 5 such that 



8es 



5 2 := 6x + Co <5i + 5f a >< So 



(5.86) 



(5.87) 



we can employ Proposition 15.51 on the interval 73. Repeating this procedure N times, we 
find that if 5 is sufficiently small depending on A\, A 2 and B, then we have 



\\(V)iP\\ s(Ij) < C (A 1 + A' 2 ) for any 1 < j < 



N. 



(5. 



Hence, we have 



(d+2)( P1 -l) JL (d+2)( P1 -l) 



w Pl (i) 



E 



< ]T C (A 1 + A' 2 ) < C (A 1 + A' 2 )N. (5.89) 
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Similarly, we have 

2(d+2) 

||VIU d ( 7) <C (A 1 + A' 2 )N. (5.90) 
Then, the desired result (|5.62p follows from Lemma 14.21 □ 

6 Scattering result 

In this section, we prove Theorem 11.21 

6.1 Analysis on A u>+ 

We discuss basic properties of the set Aj,+- 

We first observe a relation between /C and T~L: 

Lemma 6.1. Let {u n } be a bounded sequence in fT 1 (M d ) with 

JC(u n ) > for any n G N. (6.1) 

Then, we have 

U{u n ) > for any n G N. (6.2) 
Furthermore, if the sequence {u n } satisfies that 

liminf ||Vn n || r 2 > 0, (6.3) 

then 

lim inf % (u n ) > 0. (6.4) 

n— >oo 

Proof of Lemma \6.1[ Lemma 12.11 together with (|6.ip shows that 

K,{T x u n ) > for any A G (0, 1) and n G N. (6.5) 

Hence, we see from the relation (|2.ip that 

•H(n n ) > H(T x u n ) for any A G (0, 1) and n G N. (6.6) 

Here, it follows from (|A5|) . (|A6p and the Sobolev embedding that there exists a constant 
C > independent of n and A such that 

H(T x u n ) = A 2 ||V«„|| 2 2 - F(T x u n (x)) - — \\u n \\ 2 ^ 2 * 

(6.7) 

> A 2 ||Vn„||i 2 - C [ IKW^t 1 + A 2 * KI& 

Since {u n } is bounded in i? 1 ^) and 2 < - 1) < \($> 2 - 1) < 2*, we obtain the 



conclusions from the estimates (|6.6p and (|6.7p . □ 
Next, we show that for each u > 0, Aj i+ is bounded in H l (K. d ): 
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Lemma 6.2. Let uj > 0, m > and let u be a function in H l (M. d ). Assume that 

K(u)>0, S u (u)<m. (6.8) 

Then, we have 

\\u\\ L 2 < , l|Vu|| i2 <mH . (6.9) 

UJ UJ 

In particular, we have 

ii 1 1 2 ^^uj / \ 

sup \\u\\ H i < m w H . (6.10) 

Proof of Lemma \6.IA It follows from /C(u) > that 

IMlf 2 * < ||Vn||i 2 , (6.11) 

< •S'wCu) < m. (6.12) 



We see from (^T2"D that 

II l|2 / 2m (a iq\ 

\\u\\ L 2 < , (6.13) 

UJ 

which gives the first claim in (|6,9[) . 

Using ((22]), (jA6l) and (fHTTT]) . we obtain that 

m > 5 w (u) > > i ||Vu|| 2 2 - C x \\nf^ - C 2 \\u\\% + 2 li , (6-14) 

where C% and C2 are universal positive constants. Moreover, using the Holder inequality, 
(foTTT]) and ([6~T3]) . we have 

X (d+2)-(d-2) Pl d(pj-l) 

m > ^ II^ u IIl 2 ~~ II u IIl 2 2 ll n ll^2* 2 

(d+2)-(d-2)p 2 d(p 2 -l) 

-C 2 ||n|| L2 2 |M| i2 * 2 
1 /2m \ {d+2) -[ d - 2)P1 , (d-2)(p-| -1) (6.15) 

^llWWIIk-c^^J (iivvwui.) 4 



Co 



( d+ 2)-( d -2)p 2 ( d - 2)(p2 -l) 

(llWWIk 

uj 1 \ 



Since ^ d 2 ^ P1 — — < — 2 ^ P2 — ^ < 1, (|6.15p together with the Young inequality yields the 
second claim in (16.91). □ 



For a function u € H 1 (M. d ) with /C(it) > 0, we can compare TL{u) and ||Vu||?2: 

Lemma 6.3. Assume d > 3 and conditions (|A0p - (|A6p , Xe£ u € -ff 1 (M a! ) 6e a function 
with JC(u) > 0. Then, we have 

llVtiHia (6.16) 
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Proof of Lemma I6.AI Using the assumption ()A3p , we have 

f (DF-2F)(u) > ( +e ) f F(u)>0. (6.17) 

Put C' Q := m&xijj^, ^2}. Clearly, C' < 1. Then, it follows from (IBTTTD and /C(it) > 
that 



1 2 1 f 1 2 * 

= 2 ||Vu|| L2 - - y - — ||u|| L2 . 

2 5 » v "»^ - i (irk) Ij DF - 2Fmt)) - ¥ 

> i (i - cy iiv»ii!, , 



which gives the desired result. □ 

The following lemma tells us that A w ^ + is invariant under the flow defined by (jNLSp . 
Strongly, /C of a solution in Au,+ is positive uniformly in time: 

Lemma 6.4. Let ip be a solution to (|NLS|) starting from A u>+ , and let / max be the maximal 
interval where ip exists. Then, we have 

ip(t) G Au t+ for any t £ J max , (6.19) 

inf K(i/>(t)) > 0. (6.20) 

t £z /max 

Proof of Lemma \6.4\ The claim (|6.19p easily follows from the action conservation law and 
the definition of m u . 

We shall prove ([6720]) . Put 

F(u) :=F{u) + ^-^\uf . (6.21) 

Then, we have 

(D - 2* - e )F > 0, (6.22) 

(£>-2)(£>-2*-e )F>0, (6.23) 

where So := min{£0) ^z^}- Let tp be a solution to (jNLSj) starting from Aj,+ - It is easy to 
verify that 

d 2 

—SUTxm) 

(6.24) 

= -^K(T x m) + J> II VT^(t)||i 2 " ^2 ^ d ^P 2 ^ " 4^ + 4F)(T A n). 
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Combining (|6.24p with (|6,23p . we obtain 
d 2 

—SUTxHt)) 

< -^IC(T x m) + J> ||VT A ^(t)||^ - ^ J d U + ^) (DF - 2F)(T x m) 

= -±K( Tx m) + [lC(T x m) -\J ^(DF - 2F)(T x m) 

for any A > and t G /max- 

Suppose here that 

- 7 / -T-iPF ~ 2 F)(Ht)) > for any t G I max . (6.26) 

Then, we have 



where we have used the Hamiltonian conservation law and Lemma 16. II to derive the final 
inequality. Thus, (|6.20p holds in this case. 

On the other hand, suppose that there exists to G /max such that 

W(*o)) - 7 / - 2F)ty(t )) < 0. (6.28) 

4 jRd 4 

We see from the Sobolev embedding, (|6.28p . (|A5|) . ()A6p and the Holder inequality that 

S l|V^(io)||| 2 < £ llV>(io)|lS +1 "^ HV^o)!!^ + IW*>)||£. , (6-29) 

which together with the mass conservation law gives us that 

\mo)\\ L 2* >1. (6.30) 

Let A (to) be a number such that 

K(T x{to) iP(to)) = 0- (6.31) 
Then, Lemma 1QT| and (|63D1) show that 

A(to) 2 > A(t ) 2 ||V^(to)||| 2 > A(t ) 2 * ||V(*o)|& > A(to) 2 *- (6.32) 

Hence, we have 

A(to) < 1. (6.33) 

Now, we see from (|6.28p and (|2.6p that 



i {/C(T A ^o)) ~- A J^{DF- 2F)(T A ^o))} 

= l|VV(to))||i> - i ( : + x) A^ L (jDi? " 2 ^)^^°)) < for any A ^ L 



(6.34) 
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Hence, (|6.25|) together with (|2.7|) in Lemma |2~7l1 and (|6.34|) shows 
d 2 1 

—SUTx^(to)) < -^/C(T A ^(to)) < for any 1 < A < A(i ). (6.35) 
Combining (|6.35p with (|6.33p . we obtain that 

M*o))-i)4<s-(Wo)) 

a=i (6.36) 



icmo)) > (a(v(*o)) - = wcto)) - l^^er^o)) 



mo)) > i. 

This completes the proof. □ 
6.2 Extraction of critical element 

In view of Theorem l4.1l (v). it suffices for Theorem [L2] to show that any solution if) to (jNLSD 
starting from A^^ satisfies \\i>\\w Pl {I m3 .^)r\W{l ma .^) < °°' wnere 4ax denotes the maximal 
interval where tp exists. To this end, for m > 0, we put 

tp is a solution to (jNLSp such that 

V> G and S u (ij)) < m 

and define 

m* := sup{m > 0: r w (?7i) < oo} . (6.38) 

These quantities were used in [131 fTH] . It follows from the existence of a ground state for 
(jl.4p that m* < m w . 

Our aim is to show that m* = m w . Here, let tp be a solution to (jNLSp such that 
^ G and Su(tp) < to. If to is sufficiently small, then Lemma HHZl shows HVKOII/fi ^ 1- 

Hence, we see from Theorem 14.11 (i) that m* > 0. 

Now, we suppose the contrary that m* < m u . Then, we shall show the existence of 
the so-called critical element. To this end, we employ the following result for the equation 
QNLSqP (see Corollary 1.9 in [18]. See also [IE]), which causes the restriction d > 5 in 



Uq(u) < -<ri, ||Vu|||a < at } . 



Theorem 11.21 

Theorem 6.1. Assume d > 5. Put 

A := ju G ij 1 (R d ) 

Then, any solution ip to QNLSq[ ) starting from Aq exists globally in time and satisfies 

4>(t) G A /or any t G R, sup ||V^(*)||i2 < <r^ (6.40) 

and 

ll^llw(R) < °°- ( 6 - 41 ) 
Under the hypothesis m* < m w , we can take a sequence {^ n } of solutions to (jNLSp 
such that 

ipn(t) G for any i G I„, (6.42) 

lim S^n) = m-l, (6-43) 

n— >oo 

H^llw P1 (i„)rw(in) = °' ^ 6 - 44 ) 
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where I n denotes the maximal interval where tp n exists (by time-translation, we may assume 
that each I n contains 0). We also see from Lemma 16.21 that 



sup ||^n(t)|li<»(/ n ,Hi) <rn LU + —. 
neN w 



(6.45) 



We apply the profile decomposition (see Theorem 1.6 in [IT]) to the sequence { | V| _1 (V)^n(0) } 
and obtain some subsequence of {V'n(O)} (still denoted by the same symbol) with the fol- 
lowing property: there exists 

(i) a family \v},u 2 , . . .} of functions in H 1 (M. d ) (each vP is called the linear profile), 

(ii) a family { {(x n ,^ n , A n )}, {(x^, t^, A n )}, . . . } of sequences in R d x R x (0, 1] with 



lim 4 = 4 £RU{±oo}, 

n— >oo 

lim x{ = e {0, 1}, xi = 1 if XL = 1, 



(6.46) 
(6.47) 



lim < 

n— >oo 



An An ^ 
An An An 







6 n i-n 




- + " 





An 



-oc for any j' ^ j, 



(6.48) 



(iii) a family {u> n ,u; n , . . .} of functions in H (R ) with 

lim lim II |V| _1 (V)e rfA w n || r , vi[p , ,, =0 for any i/ 1 -admissible pair (q,r), (6.49) 

j— too n— >oo 11 Mi/ ( M i L j 



such that, defining the transformations g n and Gn by 



(CP n v)(x,t) 



2 



u 



d-2 
2 



X X n 

An 



ryJ 4- -/-^ 

xi 



we have 



(6.50) 
(6.51) 



e itA Vn(0) = ^(^"Vl^ ( e^lVr^V)*?' ) +e itA w£ 



k 



<(^)- 1 v)- 1 (v) 

At) 



(6.52) 



^ (V)-|(A^V) et(M , )A ^, 



A/, 



Note here that for any Fourier multiplier /t/(V) and the L 2 -scaling operator T^, we have 

M (V)T A = T A /i(AV). (6.53) 

Besides, putting 

<(A^V)-(V) (g _ 54) 



An 
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for any l;£N and s = 0, 1, we have the expansions: 
lim ||||V|> n (0)||i 2 -^ 

71.— ^fYl I * 



J'=l 



|V|"s£ ( <e C^> 2 t? 



L 2 



IVI-U7. 



L 2 



lim ^ W«(0))- VH U 



J P ( A n) lip 



lim 5 u (i(0))-VS u o£e <^) 2 t?" 

n— >oo I ^— » \ \ 



lim < 

n— >oo 



lim < 

n— >oo 



%(0))-^X ( ^ ( <e <^> 2 



} = 0, 



-5 W K)^=0, 



} = 0, 



-*W) > = o. 



Note here that ()6.55p together with (|6.45p yields 



sup lim sup 

n— »oo 



(V)e UA w k n 



< sup lim sup 

keN n— >oo 



H 1 



< oo. 



0, (6.55) 



(6.56) 



(6.57) 



(6.58) 



(6.59) 



(6.60) 



Next, we define the nonlinear profile. Let Un be the solution to (|NLSp with Un(0) = 
{V)-i(A^V) e - i 4A g i~i ; SQ that g^Af/^o) = Q^ytA-j^ ( gee ([632])). Thus, E# satisfies 

U&t) = G j n {a j n e itA u j ) + i f { f{U& + \Uif~ 2 Ui } (t>) dt'. (6.61) 

J o 

Undoing the transformations G 3 n and a 3 n in (|6.6ip . we have the equation 

(6.62) 

where 

fn ■= K)- 1 ^)- 1 ^. (6.63) 
We define the nonlinear profile ip 3 as a solution to the limit equation of (j6.62p : 

&(t) = e itA u j 



+ i 



e itA u j + i 



(-^ooJ 



(6.64) 
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where 



and 



Nj{u) :-- 



\ 1 if Aic = l, 

1 M^V} if A J oo = 

f(u) + \uf~ 2 u if A J oo = l, 

\u\ T - 2 u if XL = 0. 



(6.65) 



(6.66) 



E {±oo}, we regard (|6.64p as the final value problem at ±oo. 



When 

(XL) 2 

Let P := (T^ lhl , T^ ax ) be the maximal interval where the nonlinear profile ip 3 exists. 
Note that T^ in = — oo when tio / (Xio) 2 = +oo, and T^ ax = +oo when tie / (Xio) 2 = — oo. 
We see from the construction of the nonlinear profile that -0 J € C(P , iJ 1 (]R d )) and 



lim 

n— >oo 



'■II 



(XI) 



-i n A . 

e < A i) 2 u> 



0. 



(6.67) 



H 1 



Lemma 6.5. There exists 5 > u>i£/i £/ie following property: Let j € N and assume that 

\\u j \\ m <5. (6.68) 

Then, we have P = M. and 



5(R) 



< bp 
~ IP Hh 1 • 



(6.69) 



Proof of Lemma \6.5l This lemma follows from the standard small-data well-posedness the- 
ory. □ 



Moreover, we can verify the following lemma in a way similar to Lemma W. 

Lemma 6.6. Assume d > 3. Let L be an interval, A,B>0, and let u be a function such 
that 

IMIl^/.h 1 ) ^ A IMIw Pl (/)rw(/) ^ B - 
Let e > and suppose that 



(6.70) 



(V) (i^u + An + a-^ialu)) 



2(d+2) 2(d+2) 
L d+4 (7,L ) 



< e. 



Then, we have 



\\(V)u\\ s{I) <C(A,B) + s, 
where C(A,B) is some constant depending on A and B. 



(6.71) 
(6.72) 



Lemma 6.7 (Properties of nonlinear profiles). Let ip 31 be a nonlinear profile, and suppose 
that it is non-trivial. Then, we have 



A.,+ if A£ = l, 
A if A& = 



for any t 6 I n . 



(6.73) 



30 



Proof of Lemma \6. 1\ Note first that when ip n is non-trivial, we see from (|6.67|) that the 
corresponding linear profile u n is also non-trivial. 
We shall show that 

/ / _ j *" a \ \ 777 4- m* 

Xjgiy a 3 n e tP J J < " ^ - for any j and sufficiently large n € N, (6.74) 



^ -A 



/C ( g^l o~° n e < A ™' 2 1 J > for any j > 1 and sufficiently large n G N, (6.75) 

(/ — i A \\ 771 + 777* 
5^Ke < " for any j and sufficiently large n € N. (6.76) 

It follows from IjB^gjl . £(^ n (0)) > and (16351 that 
mi + On(l) =5 w (^ n (0)) 

> 2L,(V«(0)) = ( fli(^e" 1 (^ ?A S^ ) +2u,K) + o n (l). 



(6.77) 



Hence, (|6.77p together with m* < and the positivity of T w shows (|6.74p . Moreover, 
(|6.74|) together with the definition of (see (|1 . 12[) ) shows (|6.75p . 
Note here that 



lim inf 

71— >00 



u ul 2 ^ ^' provided that v? is non-trivial. 



L 2 



Hence, we see from Lemma 16 . 1 1 together with (|6.78p that 



(6.78) 



S w g 3 n (or J n e < A n> 2 u> > for any j > 1 and sufficiently large n £ N. (6.79) 



Thus, (16371) together with (167431 and (157791 gives us (KTTBl . 

We shall prove ()6.73p . Suppose that = 1, so that oio = 1. Then, it follows from 
(|6~6?P that 



lim 

n— >oo 



5 ^ o%e tP 1 



ff 1 



This together with (|6.74p gives us that 



lim Tu a j ^i) j 



which together with the definition of fh u shows 

1 a 



m w + m* 



< < 777,, 



(A J n) 5 



(6.80) 



(6.81) 



> for any sufficiently large n € N. (6.82) 
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Moreover, (|6.76|) together with (|6.8(J|) yields that 



(A J n) 



< for any sufficiently large n € N. 



(6.83) 



Hence, o d ^4) n 



r 

1 n 



€ for any sufficiently large n € N. Then, (|6.73p immedi- 



ately follows from Lemma [67 

On the other hand, suppose A^> = 0. Then, we see from (|6.76|) that 



+ m* 1 
2 > 2 



,ji 



L 2 



(6.84) 



L 2 * 



which together with Lemma 11.21 and (|6.67p shows 



1 d 



Moreover, (|6.84p together with (|6.75p yields that 

m u + m* 1 



2 > d 



is — ^ 



(6.85) 



(6.86) 



Hence, we see from (|6.67p that 



(7 2 > 



L' 2 



Thus, we have shown ()6.73p . 



(6.87) 



□ 



Lemma 6.8. There exists jo € N such that P = R for any j > jo, where P denotes the 
maximal interval where the nonlinear profile ijj 3 exists, and 



j>jo 



< 



E 



|u J H^-j < oo. 



(6.J 



Proof of Lemma \6.8l It follows from (|6.55p together with (j6.45p that 



> lim 

^ — ^ n— >oc 



We see from (Qgj) that 
and therefore 



V\ s g J n a J n e <^> 2 t? 



L 2 



for s = 0, 1. 



E 

3=1 



u J 1 1 Hl < OO 



lim 1 1 ix- 3 II m =0. 

Hence, Lemma 16.51 together with (|6.67|) and (|6.91|) shows the desired result. 



(6.89) 

(6.90) 

(6.91) 
□ 
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Now, for any j £ N, we define the space W J by 

W j := 



w Pl nw if A J oo = i, 



w 



if \L = o. 



Put 



The maximal interval where ip J n exists is P n := ^(A^) 2 T^ in + t^, (A^) 2 T^ ax + t 3 n 
Lemma 6.9. Let k € N and assume that 



(6.92) 



(6.93) 



< oo for any 1 < j < k, 



(6.94) 



where P denotes the maximal interval where ip J exists. Then, we have P = oo, 



< 1 for any 1 < j < k, (6.95) 



and there exists B > with the following property: For any k € N, £/iere exists JVjt € N 



sup 

n>N k 



+ 



V 



< 5. 



(6.96) 



Up 



Furthermore, if ()6.94p ZioWs /or any A;, £/ien we /lave 



lim lim 

fc-»oo rwoo 



■ d(p-l)+4 



^ = /or any j > 1 andp x <p < 2* - 1. (6.97) 



Proof of Lemma \6. !A Assume that Aio = 0. Then, al^^ is a solution to ( NLSqD (see 
(I6.64p ). Since P coincides with the maximal interval where aioip 3 exists, Theorem 16.1 
together with Lemma 16.71 shows P = R. On the other hand, when Aio = 1, o'ooV'"' is 
a solution to (jNLSp and therefore Theorem 14.11 (iv) together with the hypothesis (|6.94p 
shows P = R. 

We shall show that 



r ^llw 4 (B) + ll^llvVp 



(V)V> J 



The Mihlin multiplier theorem gives us that 



w j II — 


o J n i/j J 








< 






< 
~ 





Similarly, we have 

||V^| 



W, , 4 (R) ~ 
1+ 3 



S(R) 



for any j > 1 and n > 1. 



for any j > 1 and n > 1. 



(6.98) 



(6.99) 



(6.100) 
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Moreover, using the Holder inequality, the Mihlin multiplier theorem and (|6.99|) . we obtain 



(d+2)( P1 -l) 



h/; J I 2 < 



< 



G j a j ib j 



(d+2 ){l-(±^fcl)} 



W 1+ 4(») 



(d4-2){i- ^=s^a ) 



(d+2)( Pl -l) 



(d+2){d( Pl -l)-4> 



W(R) 

(d+2){d( Pl -l)-4> 



W(R) 



We shall show (|6.95p . In view of (|6.98|) , it suffices to prove that 



< 1 for any 1 < j < k. 



When Xlo = 0, it follows from the Strichartz estimate and (14.81) that 



S(R) 



v<i k^l 2 * _ Voo^') 



2d 

L 2 (R,Ld+2) 



2*-2 



in 



(v)v> J 



d+2 

L°°(R,L 2 ) 



(V)V> J 



d+2 

L 2 (R,L 2 *) 



2*-2 



W(R) 



Here, (|6.4U[) together with Lemma 16.71 shows that 



L°°(R,L 2 ) 



L°°(R,L 2 ) 



< OO. 



Hence, ()6.103p together with ()6.104p and the hypothesis ()6.94p shows 



V)^ < oo for any 1 < j < k with A^o = 0. 



When A^o = 1, Lemma 14.21 together with Lemma 16.71 and ()6.94p shows 
(V)f/'' 7 < oo for any 1 < j < k with A^o = 1- 



3.1011 



3.102) 



(6.103) 



(6.104) 



.105) 



.106) 



Suppose here that k < jo; jo is the number found in Lemma [6.81 Then, (|6.105p and ()6.106p 
implies (|6.102p . On the other hand, when k > jo, we see from Lemma 16.81 that 



v)^' < y II <v)^' + y \\u j \\ 2 H1 < oo. 



l<j<jo 



(6.107) 



j>jo 



Thus, we have shown (|6.102p . 

We shall prove ()6.96p . It is sufficient to consider the case k > jo- Using the elementary 
inequality 



i<j<fc 



E - E h&f<c*,« E E WS 1 . !<?<«>, (6.108) 



l<j<k i<j'<fc; 
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where Cfc „ is some constant depends only on k and q, we have 



E * 

i<j<fc 



2(d+2) 
d-2 



W(R) 



2(d+2) 

< E !l<llm R 2 ) +c* E E 



i<i<fc 



l<j<fc l<j'<fc; 



d+6 
J I d-2 



(6.109) 



where > is some constant depending only on k and d. We see from Lemma 16.81 and 
(|fT95l) that 



2(d+2) 
1,3 \\ d-2 

\W(R) 

l<j<k l<j<jo 



e wiLw s e +e w 



2(d+2) 
d-2 



2(d+2) 
d-2 



i>io 



< E || <w 

i<i<io 



2(d+2) 
d-2 



+ E IMIi/i < 



J>J0 



(6.110) 



Moreover, we see from (|6.152j) that there exists Nj & € N such that 



d+6 
J I d-2 



< 



^2 fOT n ^ N 3>k- 



(6.111) 



Combining (|6. 109|) with (|6.110j) and (|6.11ip . we can take Bq > with the property that 
for any k € N, there exists iV^ £ N such that 



sup 

n>N k 



j'=i 



< Bn 



.112) 



Next, we consider the estimate in Wp^K). Using the elementary inequality (|6.108p again, 
we have 



E 



(d+2)( P1 -l) 
2 



Wo 



(d+2)(p!-l) 

- ll^llw P1 (R) 
l<j<fc 



(6.113) 



IE E 

l<J<fc l<j'<fe; 



(d+2)( Pl -l)-2 



where CjL is some constant depending only on k, d and pi. We see from (|6.95p and Lemma 
that 



E K 

i<i<fc 



(d+2)( Pl -l) 1 1 _ (d+2)( P1 -l) 

..I J 



< E ||< V >^ J 

i<?<jo 



+ EIMU 



< oo. 



3.114) 



3>jo 



Next, we consider the second term on the right-hand side of (|6.113p . Using the condition 
(|6.152p . we can take N'^ k E N such that 



(d+2)( P1 -l)-2 



< 



for any n > N'- k . 



(6.115) 
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Combining (|6.113|) with (|6.114|) and (|6.115|) . we can take B\ with the property that for 
any k E N, there exists Nk € N such that 



sup 

n>N k 



.116) 



W P1 (R) 



Similarly, we have 



sup 

n>N k 



3=1 



.117) 



W 4 (H) 



Thus, we have proved ()6.96p . 

Finally, we shall prove (|6.97p . For each 1 < j < k, let {vjn} be a sequence in C c (M. d x 
such that 

0. 



hm (V) i^-vl 

Then, using the Holder inequality, the Strichartz estimate and (|6.6U|) . we have 
^ n \V\ s e itA w k n 



(6.118) 



2(d+2)(p-l) 
d(p-l)+4 



d(p-l)+4 



- (A J J^T^ (d " 2) 

. d(p-l) + 

< (A J n ) 2 ^ 
+ (A£)^> 



^) (Gi)- l \V\ s e UA w k n 



2(d+2)(p-l) 
d(p-l)+4 



d(p-D+4 „ (d _ 2) 



(6.119) 



Wo 



2(d+2) 
r d 



d(p-D+4 _ (d _ 2) 



(o£t4) (G^J^IVl'e^to* 



2(d+2)(p-l) 
L d(p-l)+4 



Using the Strichartz estimate, the Mihlin multiplier theorem and (|6.118p . we estimate the 
first term on the right-hand side of ()6. 119|) as follows: 



d( P -l)+4 _ {d _ 2) 



. 4-(d-2)(p-l) 



o 3 n W - n 



o 3 n W - < 



Wp(R) 



{Gi)- l \V\ s ^w k n 



2(d+2) 
2 

J t,x 



V\ s e itA w k 



2(d+2) 
r d 



(6.120) 



. 4-(d-2)(p-l) 

<(K) 2Cp - 1) (V) U^-< 







Vp(R) 





ff 1 



O m (l). 



We consider the second term on the right-hand side of (|6.119|) . Note here that 2 (^+ 2 Kp U < 



^| < 2 for d > 4. When s = 0, we have by the Holder inequality and (|6.49p that 



d(p-l)+4 



d(p-l)+4 _ (d _ 2) 



(A^)^T 



(«) (G^J-^vre^w* 



2(d+2)(p-l) 
d(p-l)+4 



<A^||cJ^f^|| 2(d+2)(p-l) 



2(p-l)+4 



(6.121) 



as n — )■ oo and A; — >■ oo. 



36 



Next, we consider the case where s = 1. Let K m := {\x\ < R m }x[— T m ,T m ] be the rectangle 
containing the support of v m . Using the Holder inequality and employing Lemma 2.5 in 
[15] (see also [17]). we have@ 



■ d(p-l)+4 f J o\ , . . . • , 



tA w k „ 



2(d+2)(p-l) 
d(p-l)+4 



■ d (P~ 1 )+ 4 M 9^4-1 n • • 

< (\J)SG=T} (d-2J+l Lyj^j 



m 2(d+2)( P -i) 
4-2(p-l) 



(\3)25=$) (d-2)+l u j j 

\'mJ \\ u n u n 



3d+2 



m w 2(d + 2)( P -i) (T m )—*(w m y^ 



4-2(p-l) 



e itA w k n 



3 

W(R) 



3 

L- 



(6.123) 



Hence, we see from (|6.49p that 
lim lim (X J ) ^-^ 1 j 

k— >oo n— >oo 



(G^j^Ve^^ 



2(d+2)(p-l) 
r d(p-l)+4 ,„j x 
^t,x (-Km) 



Combining flgHg) with fOIi| . (f6TT2Tj) and (IBTTMD . we obtain (15371) . 



0. (6.124) 



□ 



Lemma 6.10 (cf. Lemma 5.6 in j!3j). Let jo be the number found in Lemma I 6. 81 Then, 
there exists 1 < j < jo such that 



oo, 



(6.125) 



where P denotes the maximal interval where the nonlinear profile ip 3 exists. 
Proof of Lemma \6.1(K We see from Lemma 16.81 that 



< 



Suppose the contrary that 



(v)v> J 



< oo for any j > j . 



Wi{P) 



< oo for any 1 < j < j , 



so that 



Wi{U) 



< oo for any j > 1. 



(6.126) 



(6.127) 



(6.128) 



Let k be a sufficiently large number to be specified later. Then, we define the function 

A- 



^n app by 



^{x,t) :=Y,^n(x,t) + e UA w k n (x). 



(6.129) 



2 When d = 3 and 2 < 2 ^^^ + ^ (hence p > 3), we estimate as follows: 



"JUm (G 3 n ) 1 Ve tA W^\\ 2(d + 2)(p-l) 
IV/ II d(p-l)+4 



I r-r it A ! j \— 1 fc p-1 



Ve (g J n ) w n " 



P-3 
-1 

2(d + 2) 



(6.122) 
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It follows from Lemma 16.91 together with the hypothesis (|6.128|) that ipn exists globally 
in time for any j > 1 and hence so does ipn app . 

We see from Lemma [6.9l and ()6.60p that there exists B > with the following property: 
there exists Ni ^ & N such that 



sup 

n>N, k 



k-app 



W Pl (R)rW(R) 



< B. 



(6.130) 



Moreover, it follows from (|6.52|) that 

^„(o)-^- app (o) 



H 1 



^n(0)-^^(0) 



W r 



(6.131) 



k 

i=i 



e (^n) 2 u 3 - f> 



in 



(A J n) 2 



u 1 



Hence, (|6.67p shows that for any k € N, there exists N 2jk € N such that 



sup 



^(o)-^- app (o) 



if 1 



< 1. 



(6.132) 



Now, let 5 be the constant found in Proposition 15.61 which is determined by the bound 
and B. 

We see from the estimate (|6.13ip together with the Strichartz estimate and (|6.67p that 
for any k € N, there exists N% ^ G N such that 



sup 

n>N 3ik 



(V)e itA M0)-rn app (0) 



k-app I 



< 5. 



(6.133) 



We shall show that there exist ko € N and iVo € N such that 



(V) i- 



dt 



+ A^°- app + f(^°' app ) + \^- app f- 2 ^ k n °- app 



2(d+2) 
t d+4 



.134) 



< 5 for any n > Nq. 



Before proving this, we remark that ()6.134p together with the long-time perturbation theory 
leads to an absurd conclusion; Indeed, we see from (|6.13U|) . (|6,132|) and (|6.133p that 



^ko-app 



H 1 



< 1, 



W P1 {R)nW{R) 



<B, 



(V)e UA [M0)-^n°' apP (0) 



k -app/ 



< 5 



(6.135) 
(6.136) 

(6.137) 



for any n > maxjA^i^p, N2 t k , ^3,k , No}. Hence, employing Proposition 15.61 (Long-time 
perturbation theory), we conclude that 



J n\\ W 



< 00 for any n > max{N 1M , N 2t k , A^fco . ^0 } , 



(6.138) 
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which contradicts (|6.44|) : hence, Lemma I6.1UI holds. 
It remains to prove (|6.134p . Note that 

i + A^ app + f(^ app ) + \^- app f- 2 i> k n - app 



Ot 



N(^ app )-N(^ 



k-app 



where 



3=1 V 3=1 J 



(6.139) 



M{u) := f(u) + \u\ 2 ~ z u, 



M 3 \u) :-- 



f( U ) + \U\ 2 ~ 2 U if A J co = 1, 



Id 2 * 2 u 



if A J oo = 0. 



(6.140) 
(6.141) 



Hence, it suffices for (|6.134|) to show that 



lim lim 

fc->oon->oo 



lim lim 

k^-oo n->oo 



(V) {mn aPP )-^(^n 



app _ e itA w k 



2(d+2) — 0, 
d+4 



0. 



2(d+2) 
d+4 



(6.142) 
(6.143) 



First, we prove (|6.142|) . Using the growth conditions (|A5|) and ()A6p . we verify that 



2(d+2) 
d+4 



< 



k-app\Pj— 1 it A k 



3=1 



2 



3=1 
2 

+ £ 



2(d+2) + 
- d+4 



2(d+2) 
d+4 



2(d+2)p- + 
t d+4 



2*-l 

2(d+2)(2*-l) 
r 3+4^ 



+ J2\\\^n app r l ^e itA w k n 



2(d+2) + 



d+4 



2(d+2) 
r d+4 

lJ4 t 



2(d+2) + 



d+4 



\e itA w k l f~\^- app 



2(d+2) 



(6.144) 



+ £ 



2(d+2) + 
d+4 



I ?YA ir|2*-2 r - 7 7 YA 

e w„ Ve wl 



2(d+2) , 
d+4 
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where we must add the terms 

i,k-app IP2- 



2 e UA w k n Vip k n - 



app 



2(d+2) 
d+4 



if P2 > 2, 



(6.145) 



2(d+2) 
r d+4 



if d < 5 



(6.146) 



to the right-hand side of (|6.144p . 



Since 



2(d+2) 2(d+2)p ^ 2{d+2) 



d 



< 



for pi < p < 2* — 1, we easily see from the Holder 



inequality, (|6.49p and (|6.53p that the 3rd, 4th, the final and the 2nd final terms on the 
right-hand side of (|6. 144[) vanish as k — > oo and n — > oo. Using Lemma 16.91 we also 
estimate the 7th and 8th terms as follows: 



lim lim 



itA kiP-li-j ik-app 



e W, 



< lim lim 

k— ¥oo n— >oo 



p-1 

W P (R) 



2(d+2) 
j d+4 



k-app 



(6.147) 



W 4 (R) 

d 



We consider the terms of the form 

|^" apP | P-1 |V|V* A Wn 



2(d+2) , 
t d+4, 



1 + | <p < 2* - 1 and * = 0,1, 



.148) 



which corresponds to the 1st, 2nd, 5th, 6th terms on the right-hand side of (|6.144|) . Using 
the Holder inequality, ()6.96p and (|6.60p . we have 



< 



< 



^k-app\ P -l\ v \s e itA w k 



2(d+2) 
d+4 



i k-app 



3(p-i) 
4 

Wp(K) 



V|V tA u;£ 



5-P 
4 

2(d+2) 
r d 

u t,x 



i/j k - app \V\ s e itA w k 



p-i 



2(d+2)(p-l) 
d(p-l)+4 



E^)i v i Se 



p-i 

4 



(6.149) 



2(d+2)(p-l) 
d(p-l)+4 



+ 



e itA u;£|V|V A u£ 



2(d+2)(p-l) 
d(p-l)+4 



for any sufficiently large n. 

We consider the first term on the right-hand side of ()6.149p . It follows from Lemmata 16.8 
and 16.91 that for any r\ > 0, there exists J(rj) £ N such that 



E W 



< 77. 



(6.150) 



Using the triangle inequality and the Holder inequality, we have 

k 



E^)|V|V* A ^ 

3=1 ^ 



2(d+2)(p-l) 
d(p-l)+4 



< E ||^|V| s e 
i<J(i) 



itA ^ 



2(d+2)(p-l) + 
d(p-l)+4 



E < 

3>J(V) 



(6.151) 



Ve itA ^ 



Wp(R) 



W..4(R) 
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Lemma 16.91 shows the first term on the right-hand side of (|6,151|) vanishes when k tends 
to oo and then n tends to oo. Moreover, we see from the elementary inequality (|6.108p . 
([6TT52]) . ([EMD and ([6TT5T1 that 



lim 

n— >oo 



E 

j>J{v) 



W P (R) 



lVe iiA w; J ll < ( V lli^'l 



w, 



(6.152) 



Thus, we find that 



lim lim 

fc->oo n->oo 



2-1 

4 



2(d+2)(p-l) 
d(p_l)+4 



0. 



(6.153) 



On the other hand, it follows form the Holder inequality and (|6.49p that 



e itA w^\V\ s e itA w^ 



2(d+2)(p-l) 
d(p-l)+4 



< 





2 d-2 




d 2 






p-1 2 

W 1+4 (K) 

1+ d 




2 p-1 
W(R) 


|V|V tA ^ 


as 


/c — > oo and n — > 


DO. 





1+ 



.154) 



Combining (|6.149|) with (|6.153|) and (|6.154|) . we obtain 

i,k-app \P~ 1 |v7|s„itA„,,fc 



lim lim 

fe— >oo n->oo 



2(d+2) 
d+4 



0, 1 + I <p < 2* - 1 and s = 0, 1 (6.155) 



Hence, we have proved (|6.142p . 

Finally, we prove ()6.143p . Noting that 



m A ,3 



we can verify that 



1 



(A J n) 



2 [^Lr^j^L^)] 



-J\f(il4i] 



if \L = i, 



_ -{yr 1 \V\{\GiuL^\ T - 2 (GiaL^)} if aL = 0, 



.156) 



< 



<v)<|a/-( 



2(d+2) 
r d+4 



E^(<) 

3=1 



2(d+2) 



On(l). 



(6.157) 
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We see from the growth conditions ()A5p and (|A6p that 

J x J 



l v r{^(£$l) -X>W) 



2(d+2) 
d+4 



3 J 
fe=l j=l l<j'<J 



2d ) 
r 2 r d+2 



where ps := 1 + 3—0. Suppose here that lim — - = 00. Then, we have 



2d 

j2 T 3+2" 



V>n |V| s ^ n 



(d-2)( P ;-l) 

>V\ 2 



j> ( XnX — {Xn — Xn) (An) 2 £ — {i? n — tn) 



X J n 



(xiy 



|V|> J 



77TTI 



< (A n ) 



l-+^{^2-fe-D} f ^ 



(d-2)(p,-l) 
2 



Pi 



(V)^ , =o n (l). 



When lim = 00, we instead have 

n— >oo \ J 



|V|^ 



2d 
r2 r d+2 



,1 

r \ 2 



An 2» (^-n 3? n ) (An) i (^n i n ) 



An 



{Xif 



Pi-l 



|v|V 



L x 



TFFI 



PJ 



(V)^ „, =On(l). 



(6.158) 



(6.159) 



(6.160) 



On the other hand, if lim < — - H > < 00, then we deduce from the dichotomy condi- 



tion (|6.152p that 
Thus, we have shown (|6.134l) . 



n ^°° \ Xi An 
Pi- 1 



Pi 



3d =°n(l). 

L 2 {I,Ld+2) 



(6.161) 

□ 
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Proposition 6.11. Assume d > 5 and suppose that m* < m u . Then, there exists a global 
solution f G C(R, H 1 ^)) to (iNLSl) snc/i that 



¥(t) G A 



/or any f G R, 
/or any i G 



oo . 



(6.162) 
(6.163) 
(6.164) 



The function ^ in Proposition 16.111 is called the critical element. We further give an 
important properties of the critical element: 



Proposition 6.12. Let \l/ be the solution found in Proposition \6.11\ Then, for any e > 0, 
there exist R £ > and ^ e G C([0, oo),K d ) with 7 £ (0) = suc/i that 



\V(x,t)\ 2 + \Vy(x,t)\ 2 dx > (1-e) /or any t G [0,oo). (6.165) 



N-7e(t)|<-R £ 

Furthermore, the momentum of \E r is zero: 



3/ *(x,t)V*(x,t) = foranytGR. 

We can prove Proposition 16. 121 in a way similar to [3j [10] . Hence, we omit it. 
Now, we give a proof of Proposition 16.111 



.166) 



Proof of Proposition 16. ill Using Lemmata 16.81 and I6.1UI and reordering indices, we can 
take a number J < j\ such that 



oo for any 1 < j < J, 



(6.167) 



ir, 



< oo for any j > J. 



We see from Lemma 16.71 that 



f A w ,+ if \L = 1, 
olotpit) G { for any 1 < j < J and t G P. (6.168) 

I A if XL = 



Since aioip^ is a solution to ( NLSq ) when XL = 0, Theorem 16.11 together with ()6.168j) shows 
that 



< oo, if Xio = 0. 



Hence, we find that 



Ko = !> a L = 1 fo r an y 1 < J < d. 



(6.169) 
(6.170) 
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Then, we also have by ([535]) . QgSB - ([SggD that 

lim ||||V| s Vn(0)||i 2 -V|||V| s ^||^ 

I J=l 



lim < 

n— yoo 



|V|V 



L' 2 



0. 



5.(^(0)) " E 5 - ( ^ <A S J ) S u (w J n ) J = 0, 
Hm 1x^(^(0)) - £^ ( e -^V ) -Z^) J = 0. 



.171) 



(6.172) 



(6.173) 



We shall show that J = 1. Note that since /C(^ n (0)) > 0, we have 2^,(^(0)) < 
S u (ij; n (0)). It follows from (|6.173|) together with ([535]) that 



<«5 w (Vn(0)) < 



(6.174) 



for any 1 < j < J and sufficiently large n. 



Since m u = m u (see Proposition II. ip , we see from the the definition of m u that 
K ( e~ u " A u j J > 0, K(wi) > for any 1 < j < J and sufficiently large n. (6.175) 



Moreover, we have by Lemma 16. II together with (|6.175|) that 

liminf S w ( e _it " A S j J > for any 1 < j < J, liminf SJw*) > 0. (6.176) 

n— >oc V J n— >oo 

Now, suppose the contrary that J > 2. Then, it follows from (|6.43p . (|6.172p and (|6.176p 
that 

lim sup S u ( e~ ltJnA u j ) < m* for any 1 < j < J, 
which together with (|6.67p and the action-conservation law yields that 
( V> j (i) )< m*, for any 1 < j < J and t G J J . 
Since ?/>' is a solution to (jNLSp . it follows from the definition of m* that 



w P1 (H)nw(H) 



< oo for any 1< j < J. 



(6.177) 



.178) 



(6.179) 



This contradicts ()6.167p . Thus, we have J = 1. 
Since H^H^fjijn^ji) = oo, we have 

<S W (^(t) )>m* for any te/ 1 . 
On the other hand, we see from a proof similar to the one of (|6.178p that 

5 W ( frit) ) < m* for any f € J 1 . 



(6.180) 
(6.181) 
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Combining (|6.180|) and (|6.181|) . we obtain 

S u (^(t) )=m* for any t € I 1 . 
Since we have by (|6.67[) that 



(|6.172|) together with <^M\i and (|6.182|) shows 



lim S^iwl) = 0. 

n— >oo 



Hence, Lemma 16. 1 1 together with (|6.175p with J = 1 and (|6.184p shows 

lim IknlLi = °- 

We see from (|6.52|) together with (|6.185|) that 



lim 

n— >oc 



M0)-e- it " A u 1 (--x 1 n ) 



0. 



(6.182) 



(6.183) 



(6.184) 



(6.185) 



(6.186) 



Now, we shall show that I 1 = R. Suppose the contrary that T 1 := sup/ 1 < oo. Let {t n } 
be a sequence in I 1 such that lim t n f T max , and put ^/> n (i) := il) l {t + t n ) and I n := I 1 — rh. 

n—>oo 

We easily verify that the sequence {tp n } satisfies that 

ipn(t) G for any t G J n , 

lim Su(tpn) = m*, 



W P1 (/„)rw(J„) 



oo. 



(6.187) 
(6.188) 

(6.189) 



Then, we can apply the above argument to this sequence, and find as well as (|6.186p that 
there exists a non-trivial function u G H 1 (R d ), a sequence {r n } with Too := lim r„£KU {±oo}, 

n— >oo 

and a sequence {£n}> such that 



lim 

n— >oo 



-ir„A 



= lim 

H 1 n— >oo 



^n(0)-e- iT " A V (--Cn) 



0. 



This together with the Strichartz estimate also yields that 



lim 

n— ¥oo 



0. 



.190) 



(6.191) 



When Too = ioo, it follows from the decay estimate for the free solution that, for any 
compact interval I, we have 



lim 

n— Yoo 



e i(t-r n )A v 



which, with the help of (I6.19ip . also yields that 



lim 

n— >oo 



e itA ^(t n ) 



v P1 (i) 



v P1 (i) 



0. 



0. 



.192) 



(6.193) 
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On the other hand, when T m 6 R, we have 



lim 

n— >oc 



JtAj.l 



V, 



pi(i) 



e i(t-T x> )A v 



V, 



<C 1 for any interval / with |/| <C 1. (6.194) 



Vl(I) 



Then, Theorem 14.11 together with (|6.193|) and (|6.194|) implies that ip 1 exists beyond T , 
which is a contradiction. Thus, sup/ 1 = +oo. Similarly, we have inf I 1 = — oo; Hence, 
I 1 = R. 

Put \I/ := ip . Then, this \E' is what we want. □ 



6.3 Completion of the proof of Theorem 11.21 

Since our critical element ^ belongs to C(R, H l (JH d )) (see Proposition 16.11] ). we can derive 
a contradiction in the same way as the energy subcritical case (see [10])- Thus, we have 
m* = , which together with Theorem 14.11 (v) completes the proof of Theorem 11.21 
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